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ABSTRACT 
The line graph of a balanced incomplete block design has as its vertices the 
ordered pairs (u, B), where B is a block and u is a variety contained in that block. 
Two vertices are adjacent if they agree in one coordinate Since the line graphs are 
isomorphic only when the designs are isomorphic, various characterizations of the 
line graph of a BIBD have been given. The following is proved herein: A BIBD with 
h = 1 is characterized by its spectrum if r+ k > 18. 
1. INTRODUCTION 
Given a graph G with n vertices, the adjacency matrix of G, A(G), is a 
O-l matrix of order n whose rows and columns correspond to the vertices of 
the graph, with the (i, i) entry equal to one if and only if the corresponding 
vertices are adjacent. The spectrum of a graph is the spectrum of its 
adjacency matrix. For a number of years the question of which graphs are 
characterized by their spectra has been investigated. Regular connected 
graphs have been particularly interesting, since it is precisely these graphs 
that have a polynomial, i.e., there exists p(x) such that p(A( G)) =J, the 
matrix with every entry equal to one. This polynomial depends only on the 
distinct eigenvalues and number of vertices of the graph (Hoffman [S]). A 
second question that has been investigated is the interrelations between the 
algebraic properties of the adjacency matrix and the more familiar topologi- 
cal properties of the graph. In particular, it has been interesting to find both 
spectral and geometric characterizations of some families of graphs. 
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A balanced incomplete block design (BIBD) with parameters (u, b,r, k,A) 
consists of u elements and b subsets of these elements called blocks such that 
each element is in the T of the blocks, each block contains k distinct 
elements, and each pair of elements are mutually contained in A of the 
blocks. A BIBD is symmetric if b = u. The graph of a BIBD has b + v vertices 
corresponding to the blocks and elements with two vertices adjacent if and 
only if one corresponds to a block and the other corresponds to an element 
contained in that block. The line graph of a BIBD is the line graph of the 
graph of the BIBD, i.e., the veitices of the line graph are the edges of the 
graph, with two vertices adjacent in the line graph if and only if the 
corresponding edges in the graph have exactly one end point in common. 
Geometric and spectral characterizations of the line graphs of certain 
BIBDs have been given. Dowling and Laskar [3] gave a geometric charac- 
terization of the line graph of a finite projective plane, while Hoffman [7] 
showed that this graph was always characterized by its distinct eigenvalues 
among all regular connected graphs (spectral characterizations do not, of 
course, distinguish line graphs that come from nonisomorphic designs with 
the same parameters since the spectrum is dependent only on the parame- 
ters). Dowling and Aigner [2] extended these results with a geometric 
characterization of all symmetric balanced incomplete block designs with 
(0, k, A) # (7,4,2); Hoffman and Ray-Chaudhuri [9] then showed that the line 
graph of a symmetric design is characterized by its distinct eigenvalues 
among all regular connected graphs with the same number of vertices unless 
(u, k, A) = (4,3,2), there being exactly one exception in that case. Laskar [ 111 
gave a geometric characterization of the line graph of a finite affine plane, 
and this graph has also been spectrally characterized by Hoffman 2nd 
Ray-Chaudhuri [8]. This result has been extended as follows: 
THEOREM 1.1 (Rao and Rao [12]). Zf r - 2k + 1 < 0, then the following 
properties characterize the line graph of an asymmetric BZBD with A= 1: 
(1) the number of vertices is VT; 
(2) the degree of every vertex is r + k - 2; 
(3) if two vertices are adjacent, the number of vertices mutually adjacent 
to them is r-2 or k-2; 
(4) if two vertices are not adjacent, they are mutually adjacent to at most 
one other vertex. 
In this paper we shall give the following characterization of the line graph of 
a BIBD with h= 1: 
THEOREM 1.2. Zf r+ k > 18, then the line graph of a BIBD with 
parameters (v, b,r, k, 1) i.s characterized by its spectrum. 
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REMARK. If G is cospectral with the line graph of a BIBD with parameters 
(u, b,r, k,X), then the sum of the multiplicities is the same for both graphs, SO 
that G has ur vertices. Further, a graph with n vertices and maximum 
eigenvalue Xi is regular if and only if X:X: = nh,. Hence G is regular, the 
degree of G is Xi= r+ k-2, and, since hi is simple, G is connected. As a 
result, properties (1) and (2) of Theorem 1.1 follow immediately from the 
spectrum of the graph. It would be interesting to have a direct relationship 
between the spectrum and properties (3) and (4) also. 
2. THE SPECTRAL CHARACTERIZATION THEOREM 
We shall first determine the spectrum of the line graph of a graph of a 
BIBD. If G is such a graph, then by appropriately numbering the vertices we 
have 
A(G)= ’ ’ , It1 BT 0 (2.1) 
where BB T= xJ+ (T - A)Z. Since BBT and B TB have the same nonzero 
eigenvalues and [A(G)12= BBT@ BTB, the eigenvalues of [A( are rk 
with multiplicity 2, r-A with multiplicity 2(u - l), and 0 with multiplicity 
b - v. Define the O-l incidence matrix K as follows: the rows correspond to 
the vertices and the columns correspond to the edges of G, with an entry 
equal to one if and only if the corresponding vertex is an end point of the 
corresponding edge. It is then clear that 
and 
KTK=2Z+A(L(G)) 
Hence if X is an eigenvalue of Z,(G), A# -2, then (h+2-r)(X+2- k) is an 
eigenvalue of [A (G)12. The eigenvalue rk of [A (G)12 yields eigenvalues for 
L(G) of T + k - 2 (which is simple because the graph is connected) and - 2 
with multiplicity one. Since the rank of KK T is the rank of K TK minus the 
difference in the orders of K TK and KK T, - 2 is an eigenvalue of L(G) with 
multiplicity VT - b - o + 1. The eigenvalue 0 of [A ( G)12 yields T - 2 and k - 2 
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as possible eigenvalues for A( L ( G )). H owever, if [A(G)]%= 0, then, letting 
x = ( y, z) and using (2.1), it follows that (BB ry, B %a) = 0, and by the 
nonsingularity of BB r, y = 0. Thus KK ‘(0, Z) = (B rs kz), and the eigenvalue 0 
of [A(G)]” yields only k -2 as an eigenvalue of L(G), the multiplicity being 
b - u. Finally, for th e eigenvalue r-X of [A (C)l”, the two eigenvalues of 
L(G) are &(r+k-4)+D’/2 and k(r+k-4)-D1/2, where D=a(r-k)2+ 
r-h. Since the sum of the multiplicities of these two eigenvalues is 2(v - 1) 
and the trace of the adjacency matrix is zero, the multiplicities are in fact 
equal, yielding the following proposition. 
PROPOSITION 2.1. If L(G) is the line graph of a BIBD with parameters 
(u,b,r,k,A), then the eigenvalues of L(G) are r+ k-2, &(r+ k-4)+D’i2, 
+(r+k-4)-D ‘I2 k - 2, and - 2 with respective multiplicities 1, v - 1, 
u-l, b-v, and k-b-*+1, where D=f(r-k)2+r-A. 
We shall use the following theorem of Hoffman and Ray-Chaudhuri [lo] 
to prove the theorem stated in the previous section: 
THEOREM 2.1. If the least eigenvalue of a regular connected graph with 
valence greater than 16 is -2, then 
(1) the graph is a line graph, or 
(2) the graph is a complete graph with a one factor removed. 
In the second case, the distinct eigenvalues are n - 2, 0, and - 2, where n 
is the number of vertices. Hence if there are more than three distinct 
eigenvalues (in the case we are interested in there are five), the first case 
must hold. 
Now suppose that a graph H is regular with valence greater than 16, is 
connected, and has the same distinct eigenvalues as the line graph of a 
BIBD. Then by Theorem 2.1 there is a graph G such that H= L(G). 
Without loss of generality, we may assume that G has no isolated vertices, 
and hence G is connected. If vi is a vertex with valence d, and u2 is adjacent 
to vi and has valence d,, then d,+ d,-2= r+ k-2, since the maximum 
eigenvalue of a regular graph is equal to the degree. In fact, it is clear that 
any vertex whose distance to vi is even must have degree d,, while any 
vertex whose distance to vi is odd must have degree d2. If d, = d,, then the 
graph is regular. If d, # d,, then the graph is bipartite, with every pair of 
vertices in the same set of the bipartition having equal degree. Defining m, 
and m, to be the cardinalities of the sets whose vertices have degree d, and 
d, respectively, such a graph is called semiregular bipartite with parameters 
(m,, m2. d,, d,). 
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LEMMA 2.1. Zf r+ k > I8 and H is cospectral with the line graph of a 
BIBD, then H = L(G), where 
(I) G is regular with degree equal to 4 (r + k), or 
(2) G is semiregular bipartite. 
Our method of proof will be to show that no graph G satisfies (I) in the 
conclusion of Lemma 2.1 unless it satisfies (2) also, and then to show that the 
only G satisfying (2) is the graph of a BIBD. 
Suppose there were a graph G that satisfied (I) of the conclusion but did 
not satisfy (2). Then the number of edges in G would be ru, and hence the 
number of vertices would be 4ru/(r + k). Letting K be the incidence matrix 
once again, 
K%=2Z+A(L(G)), 
and 
KKT=$(r+ k)Z+A(G). 
Hence if A is an eigenvalue of L(G), A#-2, then h+2-&(r+k) is an 
eigenvalue of G. Thus the eigenvalues of G are J(r + k), + D I/‘, - &(r - k), 
and possibly - f (r + k). Now if - $(r + k) is indeed an eigenvalue of G, then 
G is bipartite [6] and satisfies (2). Thus G is regular, has 4ru/(r + k) vertices, 
and has &(r+ k), t D’12, and - f (r - k) as distinct eigenvalues. 
LEMMA 2.2. Zf G satisfies the hypothesis of Lemma 2.1 and (1) in the 
conclusion, but not (2) in the conclusion, and if r = k + 2n, then n must have 
the following poperties: 
(a) n>9-k, 
(b) n is a positive integer, 
(c) 2n(2n- l)zOmodk, 
(d) 2n3+2n2-2n=Omodk+n, 
(e) n(n-I)<k. 
Proof. 
(a) Since the degree of the line graph is greater than 16, r + k = 2(n + k) is 
greater than 18. 
(b) Since the degree of the graph is & (r + k), r and k have the same parity 
and n is an integer. By Fisher’s inequality [4], r > k, so that n is nonnegative. 
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If n = 0, then (2) in Lemma 2.1 is satisfied. 
(c) We must have 
b= [(k+2n)(k- 1)+ 1](k+2n) 
k 9 
since the parameters of a BIBD with X = 1 satisfy 0 - 1 = r( k - 1) and vr = bk. 
(d) We have 
or 
4,.” 2(k+2n)[(k+2n)(k-l)+l] 
- = 
r+k k+n , 
2n3+2n2-2nrO modk+n. 
(e) Since the eigenvalue with least absolute value is - $(T-- k), 
tr [A(C)12>s( y)2. 
On the other hand, each diagonal element of [A ( G)12 is k( r + k), so that 
or n2<n+k. 
Hence the proof of Lemma 2.2 is complete. n 
Let us look further into the properties of n. If n = 1, then from (a) and (c) 
we have that k>8 and k divides 2. If n=2, from (a), (c), and (d) we have 
that k > 7, k divides 12, and k + 2 divides 20. Thus we need only investigate 
n > 3. 
From (c) we can say that there exists a positive integer t such that 
2n(2n - 1) = tk. Hence from (e) we have that 
or 
tn(n- 1) < tk=2n(2n- l), 
t< 
2(2n-1) <5 
n-l ‘* 
From (d) we have 
t(2n3+2n2-2n)sO modtk+ tn, 
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t(2n2+2n-2)-O mod4n-2+ t. 
Since -4nzt-2 and -4n2r(t-2)n, we have that 
t(4+8t- t2)=0 mod4n-2+ t. 
For t=l, we have ll=Omod4n-1, or n=3. 
For t=2, we have 32=0mod4n, or n=4 or k. 
For t=3, we have 57=0mod4n+l, or n=14. 
For t = 4, we have 40EOmod2n + 1, which has no integral solutions with 
n >3. 
The solutions n =4 and n = 8 are extraneous, as may be verified by 
substituting into (d). Hence, we have only two sets of parameters satisfying 
the conditions of Lemma 2.2. They are (u, b, r, k, h) = (1045,1254,36,30,1) 
and (u, b, r, k, X) = (70281,78090~280,252,1). Thus if we can show that the 
graph G cannot exist for these parameters, we shall have proven that no 
graph satisfies (1) but not (2) in the conclusion of Lemma 2.1. 
Suppose such a graph G did exist. Then the distinct eigenvalues of G are 
either 33, km, and -3 or 266, km, and -19, and G has either 
2280 vertices or 147,960 vertices. Since the graph is connected, its adjacency 
matrix is indecomposable, and hence by the Perron-Frobenius theorem the 
maximum eigenvalue is simple [5]. Now the trace of A is zero, the sum of the 
multiplicities of the eigenvalues equals the number of vertices, and both 
d/44 and m are irrational; thus it follows that the respective multiplici- 
ties are 1, 1134, 1134, 11 and 1, 73970, 73970, 14. Hence, in these two cases 
the trace of A2 is 100,980 and 70,345,980. But, as we saw earlier, A2 has the 
valences of G as diagonal entries, which implies that in these two cases the 
trace is 33 -2280 = 75,240 or 266.147,960 = 39,357,360. Hence A(G) cannot 
exist, and the graph G cannot exist. 
Lemma 2.1 now implies that if H is cospectral with the line graph of a 
BIBD with parameters (u, b, r, k, 1) and r + k > 18, then H is the line graph of 
a semiregular bipartite graph. To complete the characterization we need 
only show that this graph is the graph of a BIBD with the same parameters 
(u, b, r, k, A). Given such a graph H, we may say that Z-Z = L(G), where A(G) 
has the form (2.1) in which B has constant row sum d,, constant column sum 
d,, and d, > d,. Defining the incidence matrix K as in Proposition 2.1, we 
once again have that K%=2Z+A(L(G)) and (KKT-d,Z)(KKT-d,Z) 
= [A ( G)12. Now the nuUity of K TK is the multiplicity of the eigenvalue - 2 
of L(G), the order of KTK is m, and the order of KKT is IV(G)], so that the 
nullity of KK T is IV(G)]-(b+v)+l. If KKTx=O, then A(G)x 
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= ? m x. Now the vector that takes on the value d,‘/2 for the 
coordinates corresponding to the m, vertices of degree d, and takes on the 
value df/” for the remaining m2 vertices of degree d, is an eigenvector with 
corresponding eigenvalue vdld2 . Since G is connected, we infer that A(G) 
is irreducible and, again using the Perron-Frobenius Theorem [5], that 
vd,d, is th e maximum eigenvalue of A (G) and is simple. Further, since 
A(G) has the form (2.1), - m is simple, and an eigenvector for this 
eigenvalue is given by letting the coordinates corresponding to the m, 
vertices take on the value d,‘12 while the other coordinates take on the value 
- d,‘12. By use of this vector we see that the nullity of KK T is in fact equal 
to 1, so that ]V(G)]=b+v. 
Since L(G) is regular of degree d, + d, - 2 and the degree is the maxi- 
mum eigenvalue of a regular graph, d, + d, = r + k. Finally, since the number 
of edges of G is the number of vertices of L(G), it must be that m,d, = m2d2 
= ~IJ = bk. Along with the equation m, + m2 = b + v derived in the previous 
paragraph, this implies that d, = r, d, = k, m, = v, and m2 = b. 
Now [A(G)]2=(KKT-rZ)(KKT-kZ) and hence has rk, r-X, and 0 as 
eigenvalues. Further, since the multiplicity of 0 is b - v and [A (C)l2 
= BB T Cl9 B TB, BB T has rk as a simple eigenvalue and r - h as an eigenvalue 
with multiplicity v - 1. Since BBT and J commute, they may be simul- 
taneously diagonalized, so that BB T- ?t.J= (r - X)Z, and G is the graph of a 
BIBD with parameters (v, b, r, k, h) . 
REMARKS. 
1. The fact that h = 1 was used only once, namely in part (c) of Lemma 
2.2. It might be hoped that the general techniques might yield a characteri- 
zation for A > 1. This, however, is not the case; consider the parameters 
(v,h,r,kJ)=(( n+1)(2n+l),(n+1)(2n+3),m(2n+3),m(2n+l), 
2m2+ 
m(m- 1) 
1 n ’ 
which satisfy the necessary conditions for parameters of a BIBD. Then for 
any m and n such that m (m - 1) E 0 mod n, the number theoretic techniques 
used to eliminate graphs satisfying (1) but not (2) in Lemma 2.1 do not work. 
What results is a spectrum for G consisting of 2m (n + l), D 1/2, - D ‘j2, and 
- n as eigenvalues with respective multiplicities 1, n(2n + 3), n(2n + 3), and 
2(n + l), and in fact such a graph does exist when m = n = 1. Nonetheless, for 
any given X, if any graph satisfying (1) in Lemma 2.1 also satisfies (2), then 
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the rest of the proof follows and a spectral characterization has been given 
for that X. The values h =3,4,5,6,7 seem to be excellent candidates. 
2. It would be nice to weaken the hypothesis so that only distinct 
eigenvalues are considered, as in [6-g]. This is plausible, since the only use of 
the multiplicities was in computation of the nullity of KK r to prove that 
IV(G)]=b+v for graph s satisfying (2) of Lemma 2.1. On the other hand if 
(0, k, A) are the parameters of a symmetric design for which (k - A)‘/’ is an 
integer, then the line graph of this BIBD has 2 k - 2, k - 2 t (k - h)l/‘, and 
- 2 as distinct eigenvalues. If m = k + (k - h)‘i2, n = k - (k - h)li2, and K,,, 
is the complete bipartite graph, then L (K,,,) has m + tr - 2, m - 2, n - 2, and 
-2 as distinct eigenvalues, which are identical to those of the BIBD. The 
multiplicity of - 2, however, is k2 - 3 k + X + 1 in the case of L (K,,,, ,). 
3. We have restricted our attention to line graphs by use of Theorem 2.1. 
If the degree is less than 17 we cannot do this, of course, unless we are 
looking for a characterization among line graphs only. By letting T + k - 2 
take on values less than 17, the only parameters satisfying (b)-(e) in Lemma 
2.2 are (u,b,r,k,X)=(l,3,3,1,1) and (u,b,r,k,h)=(15,35,7,3,1). The former 
case is trivial; for the latter case, a G that satisfies (1) but not (2) in Lemma 
2.1 is impossible, since no integral set of multiplicities will yield trA = 0. 
Hence the characterization can be extended to cover all valences if we 
restrict our attention to line graphs. 
REFERENCES 
1. M. Doob, On the spectral characterization of the line graph of a BIBD, in 
Proceeding of the Second Louisiana Conference on Combinatorics, Graph 
Theory, and Computing, Baton Rouge, La., 1971, pp. 225234. 
2. T. Dowling and M. Aigner, A geometric characterization of the line graph of a 
symmetric balanced incomplete block design, Univ. of N. C. Inst. of Stat. 
Mimeo Ser., No. 606.5 (1969). 
3 T. Dowling and R. Laskar, A geometric characterization of the line graph of a 
projective plane, J. Comb. Theory 3 (1967), 402410. 
4 R. A. Fisher, An examination of the different possible solutions of a problem in 
incomplete blocks, Ann. Eugen. 10 (1940), 52-75. 
5 G. Frobenius, Uber Matrizen aus nicht negativen Elementen, S.-B. K. Preuss. 
Akad. Wiss. I (1968), 471476; II (RX%), 514518. 
6 A. J, Hoffman, On the polynomial of a graph, Am. Math. Mon. 70 (1963), 3&36. 
7 A. J. Hoffman, On the line graph of a projective plane, Proc. Am. Math. Sot. 16 
(1965), 23%252. 
8 A. J. Hoffman and D. K. Ray-Chaudhuri, On the line graph of a finite affine 
plane, Can. J. Math. 17 (1965), 687-694. 
9 A. J. Hoffman and D. K. Ray-Chaudhuri, On the line graph of a symmetric 
balanced incomplete block design, Trans. Am. Math. Sot. 11 (1965), 2.3852. 
20 MICHAEL DOOB 
IO A. J. Hoffman and D. K. Ray-Chaudhuri, private communication. 
11 R. Laskar, A geometric characterization of the line graph of a finite affine plane, 
Tech. Rep. No. 23, Dept. of Math., Clemson Univ. 
12 S. B. Rao and A. R. Rao, A characterization of the line graph of a BIBD with 
X = 1, Sunkhyn A31 (1969), 36W70. 
Received March 1972; revised November 1974 
